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ABSTRACT  
In this paper we investigate the principle of the generalised localisation for spectral expansions 
of the polyharmonic operator, which coincides with the multiple Fourier integrals summed 
over the domains corresponding to the surface levels of the polyharmonic polynomials. It is 
proved that the partial sums of the multiple Fourier integrals of a function 2 ( )
Nf L R∈  
converge to zero almost-everywhere on \ .NR supp f  
Keywords: Fourier integrals; spectral expansions; maximal operators   
  
ABSTRAK 
Dalam makalah ini dikaji prinsip penempatan teritlak untuk kembangan spektrum bagi 
pengoperasi poliharmonik yang bertindih dengan kamiran Fourier berganda yang dijumlahkan 
ke atas domain yang sepadan dengan aras permukaan polinomial poliharmonik. Dibuktikan 
bahawa jumlah separa kamiran Fourier berganda bagi fungsi 2 ( )
Nf L R∈  bertumpu kepada 
sifar hampir di mana-mana pada \ .NR supp f   
Kata kunci: Kamiran Fourier; kembangan spektrum; pengoperasi  maksimum       
 
1. Introduction 
The well known classical localisation Theorem of Riemann states that if 2 periodicπ −  
function f  is integrable over the interval ],,[ ππ−  then the convergence or divergence of a 
one dimensional Fourier series at a given point depends only on the behaviour of the function 
1Lf ∈  in an arbitrary small neighborhood of this point. The new concept of localisation 
principle has been introduced in Il’in (1968) and it is called generalised principle of 
localisation: the almost everywhere convergence of the spectral expansions of the given 
function to 0  on the set, where expanding function vanishes. It is interesting to know whether 
the sufficient conditions for localisation can be weakened if we consider the general 
localisation problem. In this work we investigate the problems of the generalised localisation 
for the multiple Fourier integrals corresponding to the polyharmonic operator. 
For any positive integer number m, we denote by m)( ∆−  a polyharmonic operator with the 
domain of definition )(0
NRC∞ , where 2
2
1=
=
j
N
j x∂
∂∆ ∑  is the Laplace operator. As a symmetric 
operator the polyharmonic operator m)( ∆−  has at least one self adjoint extension in )(2 NRL . 
Let A  denote any self adjoint extension of the operator m)( ∆−  in )(2 NRL . We consider the 
corresponding partial integrals of the multiple Fourier integrals:  
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,)(ˆ)(2=)( ),(
<2||
2 ξξπ ξ
λξ
λ defxfE
xi
m
N
∫−                                                         (1) 
 
 where )(ˆ ξf  is the Fourier transform of a function )( Np RLf ∈ , 21 ≤≤ p . 
 
Let A  denotes an unique self adjoint extension of the polyharmonic operator m∆  in 
).(2
NRL  Then the family }{ λE  - be a decomposition of the identity of A  and the 
corresponding spectral expansion of any function )(2
NRLf ∈  coincides with (1) (for more 
details we refer the reader to   Alimov et al. (1992)). 
For the case of the Laplace operator ∆  the generalised localisation principle (the almost 
everywhere convergence of the spectral expansions on )(\ fsuppRN ) in classes )( Np RL  
was investigated by many authors (Bastys 1983; Carleson 1966; Carbery & Soria 1988; 1997;  
Sjölin 1983). The problem of generalised localisation for spectral expansions of the Laplace 
operator is completely solved in classes )( Np RL , when 21 ≤≤ p : if 2=p  then we have 
the generalised localisation and if 2<1 p≤  then we do not. The interesting case of unit 
sphere was investigated in Anvarjon (2009). It should be noted that the problem of the 
generalised localisation for Riesz means of the Fourier-Laplace series on the critical line 
firstly investigated in this work. 
In this paper we prove the following: 
 
Theorem 1.1.  If )(2
NRLf ∈ , and 0=)(xf  on an open set NR⊂Ω , then partial integrals  
 
ξξπ ξ
λξ
λ defxfE
xi
m
N
),(
<2||
2 )(ˆ)(2=)( ∫−
 
 
converge to 0  almost everywhere on .Ω   
 
In other words, the theorem asserts that for the multiple Fourier integrals the principle of 
generalised localisation holds in the class ).(2
NRL  We note that in case of Laplace operator a 
similar statement has been established in Carbery and Soria (1988). We originates from the 
latter paper, in which the authors obtained the relevant inequalities for maximal operator of 
the spectral decomposition of the Laplace operator. The maximal operator is defined by  
 
 
|)(|sup=)(
0>
* xfExfE λλ
         (2) 
 
 Theorem 1.1 is based on the following estimates of the maximal operator.  
 
Theorem 1.2.  If )(2
NRLf ∈  and f  is supported in 3}|{| ≥x , then for any 3<r  there 
exists a constant rc  such that  
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{ } .|)(|)( 2
3||
2
*
||
dxxfcdxxfE
x
r
rx
∫∫
≥≤
≤         (3) 
  
The estimation of maximal operator can be applied in proofs concerning the almost 
everywhere convergence of spectral expansions. The almost everywhere convergence of 
spectral expansions were studied by many authors (Ashurov 1983; Anvarjon 2009; Carleson 
1966; Sjölin  1983; Stein 1958); see for a review in Alimov (1970),  and Zhizhiashvili and 
Topuriya  (1979). 
2.  The Proof of Theorems 
Let ),(2
NRLf ∈  and 3}.|:|{)( ≥∈⊂ xRxfsupp N  We prove that for every 3<r  the 
following inequality holds:  
 
 
,|)(||)(|sup 2
3||
2
0>||
dxxfCdxxfE
x
r
i
rx
∫∫
≥≤
≤τλλ        (4) 
 
with ∞−∞ <<: ττ , here .)(ˆ||1)(2=)( ),(
2
<2||
2 ξξλ
ξπ ξ
τ
λξ
τ
λ defxfE
xi
im
m
N
i ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −∫−  It should 
be noted here that the statement of the Theorem 1.2 is particular case of the latter inequality, 
when  0.τ =  
 
Let )(tbχ  be the characteristic function of the segment ][0,b  and )(tφ  be a smooth 
function defined for 0,≥t  such that ).()()( )/32(3)/3(3 ttt rr −− ≤≤ χφχ  Then we define 
|)|(2|)(|=)( xxx φφψ −  and )
2
(=)( jj
xx ψψ  for 1,2,....=j  We obtain  
 
1.)(|)(|
1
≡+∑
≥
xx j
j
ψφ
 
 
Let .=, j
ij ψτλτλ ΘΘ  If 3}|{|)( ≥⊂ xfsupp , then for all rxx ≤|:|  we have  
 
),(==)( ,
1
xffxfE j
j
ii ∗Θ∗Θ ∑
≥
τ
λ
τ
λ
τ
λ
 
 
because 0=))(*|)(|( xfi ⋅Θ φτλ  if 3.<,|<| rrx  
It is clear that to prove the inequality (4) it is sufficies to prove  
 
).()(,|)(|2|)(|sup 2
22,
0>
N
R
jj
R
RLxgdxxgCdxxg
NN
∈∀≤Θ ∫∫ −τλλ  
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 By duality we can prove that the latter inequality can be established by investigating the  
Fourier transform of the "spectral function" )(, xjt
τΘ . Let ))((ˆ=)( ,, ξξ ττ jtjtm Θ . When 0=τ  
we use notation ,jtm  i.e. ).(=)(
0, ξξ jtjt mm  For )(ξjtm  we have 
 
Lemma 2.1.  For any 1,0,> ≥∈ jRt Nξ  we have  
 
.|)(ˆ||)(|
2||<||||
dyym
jyt
j
t ψξ
ξ
∫
−−
≤  
 
This lemma is proved in Carbery and Soria (1988). 
 
Lemma 2.2.  For any positive integer n  there exists a constant C  such that for any 
1,2,...=,0,> jRt N∈ξ  we have the following estimate  
 
.
)2||||(1
|)(| , nj
j
t t
Cm −+≤ ξξ
α
 
 
 
Proof. We consider the following function:  
 
).()(1=)(
0
, ξλξ
α
λ
α j
t
ij
t dm
tm −∫
 
 
The integral we divide into two parts as follows  
 
).()(=)()(1)()(1=)( 21
/2
/2
0
, λλξλξλξ
α
λ
λ
α
λ
α IIdmtdmtm jt
ij
t
ij
t +−+− ∫∫
 
 
Estimation of ).(2 λI  Using the following formula  
 
,)(2)(=)(
2|<|
ydyyttm
t
Nm
dt
d j
jy
Nj
t
j
t +
∧
∇+ ∫ ξψξξ
 
 
we obtain :  
 
.|))|(1|)(||)((|2|)(|
|<|2||||
dyyyyCm
dt
d
yjt
jj
t +
∧
∇+
∧
≤ ∫
−
ψψξ
ξ  
 
Then for )(2 λI  we have  
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∧
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−
dydtyyycI
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|<|2||||/2
2 ψψλλ ξ
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.
)(1
2 1
2||||/2
drdt
r
rc
l
N
jt
j
+≤
−∞
−
∫∫
ξ
λ
λλ  
 
 
By changing the order of integration, and taking into account the relation 
}||||,2||||:),{(}2||||,/2:),{( rtrrtrtrttrt jj +≤≤−∞≤≤−⊂∞≤≤−≤≤ ξξξξλλ   
 
≤++≤ ∫∫∫
∞
−
+
−
−∞
−
dr
r
rcdtdr
r
rcI l
N
j
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r
l
N
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j
)(1
2=
)(1
2|)(|
2||||
||
||
1
2||||
2
λξ
ξ
ξξ λλ
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1.=,
)2||||(1
12 −−−+≤ Nln
c
nj
j
λξλ  
 
Now we consider ).(1 λI  Using the integration by parts we obtain  
 
.)()(1)(1|)()(1=)()(1=)( 1
/2
0
/2
0
/2
0
1 dtm
ttimtdmtI jt
ij
t
ij
t
i ξλλλ
αξλξλλ
α
λ
λαα
λ
−−−+−− ∫∫
 
 
Using the inequality  
,|)(||)(|
||||||
dyym
yt
j
t
∧
≤ ∫
≤−
ψξ
ξ  
 
we get  
.|)(|||2|)(||)(|
||||||
/2
0
/21 dydtymI
yt
j
∧
+≤ ∫∫
≤−
ψλ
αξλ
ξ
λ
λ
 
 
Similarly as in previous case we have  
 
≤+≤
∧ −∞
−≤−
∫∫∫∫ drdtrrCdydty l
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Consequently for )(1 λI  we have  
 
.
)2||||(1
|)(| 1 nj
CI λξλ −+≤  
 
Finally we obtain  
.
)2||||(1
|)(| , nj
j Cm λξξ
α
λ −+≤  
 
The lemma is proved.   
For the derivative of the function )(, ξα jtm  we obtain 
 
Lemma 2.3.  For any positive integer n  there exists a constant C  such that for any 1>t  
and , = 1, 2,...NR jξ ∈  we have the following estimates  
 
.
)2||||(1
2|)(|
0
,
nj
j
j
t t
Cm
dt
d
−+≤ ξεξ
α
 
 
 
 Note from (4) by putting  we have  the statement of Theorem 1.2. 
Proof of Theorem 1.1. Let )( Np RLf ∈  and 0=)(xf  on an open set .NR⊂Ω  We have 
to prove that 0)( →xfEλ  almost everywhere on Ω , or if Ω∈0x  is an arbitrary point, then 
on the ball .)( 00 Ω⊂xBr  Therefore without loss of generality we assume that 
).(\)( 00 xBRfsupp r
N⊂  Due to the invariance of )(xfEλ  with respect to the transaction 
and dilation, we can reduce the problem to the consideration of the functions with 
3}.|{|)( ≥⊂ xfsupp  
Thus we have to prove that for any function )(2
NRLf ∈  with ( ) {| | 3}supp f x⊂ ≥ , one 
has 0,)( →xfEλ  almost everywhere on 3.<},|<{| rrx  But this is a consequence of 
inequality  for  in Theorem 1.2, because the latter inequality allows us to state that the set 
{ : ( )does not converge to ( )}x E f x f xλ  has a measure 0 (for more details see Stein and Weiss 
(1971)). Theorem 1.1 is completely proven.   
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